Abstract The scattering of massive particles by a Schwarzschild black hole also undergoing a drag force is considered. The latter is modeled as a viscous force acting on the orbital plane, with components proportional to the associated particle 4-velocity components. The energy and angular momentum losses as well as the dependence of the hyperbolic scattering angle on the strength of the drag are investigated in situations where strong field effects cause large deflections.
Introduction
Interactions or collisions of two black holes occupy a central role in the recent literature of binary systems, especially because of the associated emission of gravitational radiation which is expected to be in the range of detectability of most of the Earth interferometers, like LIGO [1], VIRGO [2], etc., as in the event GW150914 [3] . In this context, a number of works has been produced either concerning the study of strongly inelastic collisions in the framework of full numerical relativity [4, 5, 6, 7, 8, 9 ] (leading to a prompt merger of the two black holes), or focusing on hyperbolic-like elastic or quasi-elastic scattering by a combined use of analytical and numerical approaches as in Ref. [10] . The latter situation is examined here in the case of two (non-spinning) black holes -in their center-of-mass reference system-which start interacting at large separation, approach each other, and finally separate again.
The discussion here involves a two-body system with one of the two having a small mass (say m 1 ) with respect to the other (of mass m 2 , m 1 ≪ m 2 ), so that the backreaction of m 1 on the background metric generated by m 2 can be neglected. The small body is assumed to deviate from geodesic motion in the background (Schwarzschild) gravitational field of the large mass m 2 because of self-interaction effects modeled by the presence of a drag force term in the equations of motion, with components proportional to the associated 4-velocity components (see, e.g., Ref. [11] and references therein). Dissipative effects arise on the non-geodesic motion of m 1 [m 2 is supposed at rest with respect to the chosen coordinate system], and hence m 1 undergoes a quasielastic scattering process, whose main features are discussed in comparison with the corresponding geodesic motion with the same initial conditions. Within this approximation, we will estimate the loss of energy and angular momentum during the scattering process, and investigate the dependence of both the scattering angle and impact parameter on the strength of the drag force itself.
We will use geometrical units and conventionally assume that greek indices run from 0 to 3 whereas latin indices run from 1 to 3.
Forced motion in a Schwarzschild field
Let us consider a test particle with mass m 1 = m moving on the equatorial plane of a Schwarzschild black hole with mass m 2 = M . The line element written in standard coordinates reads
with N = 1 −
2M
r denoting the lapse function. Let U = U α ∂ α be the particle's four velocity with U α = dx α /dτ ≡ x α′ (τ being the proper time parameter, U θ = 0) and a(U ) its four acceleration
Let us assume that the particle undergoes a drag force f (U ) chosen so that its components in the plane of motion are proportional to the corresponding components of the four velocity itself, i.e., f r ∝ U r and f φ ∝ U φ , while the temporal component follows from the orthogonality condition of f (U ) and
with λ a dimensionless constant modeling the physics of the dragging and f t given by
The equations of motions ma(U ) = f (U ) then reduce to
where σ = λ/m > 0 (with the dimensions of a length −1 ). The equations for φ and r can be both reduced to first order equations, i.e.,
and (by using the normalization condition for U , U · U = −1)
The temporal equation (coupled to the r and φ equations) can be rewritten
that is
with
E − = E − (τ − ) being an integration constant. Substituting then into the radial equation we have formally
It is useful to introduce the dimensionless inverse radial variable u = M/r, so that the previous equation becomes
where j − = L − /M denotes the dimensionless angular momentum per unit mass. Finally, using the evolution equation for φ Eq. (12) reads
2.1 Scattering process
Let the particle undergo a scattering process between the proper time values
Eventually, we may have τ − → −∞ and τ + → +∞, even if in the numerical integration of the orbits this situation is never achieved. Eq. (13) implies at the "in" state
while at the "up" state
By comparing the previous equations with the corresponding geodesic equations at the "up" state, i.e.,
one obtains the following variation laws of both angular momentum (exact) and energy (approximated, since the integral in (10) involves u(τ ))
during the full scattering process. Actually, from a numerical point of view the asymptotic states correspond to some nonzero values u ± = 10 −n (with n fixed, e.g., n = 5) and not to the theoretical values u ± = 0; therefore, the duration T of the scattering process is necessarily finite and can be computed by using the numerical value of τ such that u(τ ) reaches the fixed threshold. For the same reason, the value E + given by Eq. (17) is overestimated (since the integral in Eq. (10) is also overestimated). We will provide a better estimate for E + below.
Finally, introducing the new variable v = (u−1/6)/2 we find a "canonical" form dv dφ
where τ is a function of φ. Clearly, the presence of the term e 2σ(τ −τ−) complicates matters with respect to the geodesic case (σ = 0), shortly recalled below.
Reference geodesic
When σ = 0, Eq. (13) reduces to
or, equivalently, dv dφ
with g 2 =g 2 (τ − ) and g 3 =g 3 (τ − ), i.e.,
both constant in this case. The solution of Eq. (21) is written in terms of the Weierstrass elliptic function P (see, e.g., [12] and references therein)
where, in general,
i.e., r ′ (φ)| φ=φ0 = 0 and φ 0 corresponds to distance of minimum approach. [Recall that P is an even function of its argument whereas P ′ is odd.] In addition,
The energy and angular momentum (conserved in this geodesic case, so that E − = E + , j − = j + ) are given by
when parametrized in terms of the dimensionless semi-latus rectum p and eccentricity e. The distance of minimum approach can also be expressed in terms of p and e as
6 whereas the corresponding expression in terms of E − and j − requires the solution of a cubic equation. It is also standard to introduce the impact parameter b as
The asymptotic values φ ± follow from the solution of Eq. (20), which can be expressed in a closed analytic form [13] . To this end, it is useful to introduce the polar parametrization of the orbit, i.e.,
where the relativistic anomaly χ ∈ [−χ (max) , χ (max) ] for unbound orbits (χ = 0 corresponding to the perihelion passage) and
Expressing Eqs. (6) and (12) (for σ = 0 and recalling Eq. (26) with p = 1/u p ) in terms of χ implies
and
The latter equation can be integrated as
with φ(0) = 0 and
where K(k) and F (sin ϕ, k) are the complete and incomplete elliptic integrals of the first kind, respectively, defined by
The associated deflection angle δ geo (u p , e) = 2φ(χ (max) ) − π then turns out to be
For example, with p = 20 and e = 3/2 (so that E − = 1.03334, j − = 5.20756 and b − = 20M ) we get δ geo ≈ 2.59122 (i.e., 148.46608 deg). 
(the symbol ♭ denotes the associated 1-form family of fields) which can be completed with a spatial triad
to form a spacetime orthonormal tetrad. The observers n can be used to decompose the particle's 4-velocity as [14, 15, 16 ]
where γ(U, n) = N U t , ν(U, n)θ = 0 and
with inverse relations (shortening the notation for convenience)
It is also convenient to split magnitude (||ν(U, n)||) and unit vector (ν(U, n)) of the spatial velocity
abbreviated as ν(U, n) = νν. Let us denote bȳ U = γ(νn +ν) ,ν = sin αer + cos αeφ (43) the unit (spatial) vector orthogonal to U in the orbital subspace, with
Similarly, the 4-acceleration can be decomposed as
due to its orthogonality with U . Furthermore, since U r ∂ r + U φ ∂ φ ≡ P (n)U , where P (n) = g + n ⊗ n projects orthogonally to n, the drag force can be written as f (U ) = −λνŪ .
8
The full set of equations of motion results in
with the equation for α (as well as those for the coordinates t, r, φ) not depending explicitly on σ. Note that the following quantity is a constant of motion rγν cos α e στ = const ,
and can be used, e.g., to eliminate α. As it is easy to check, the system (47) does not admit non-trivial equilibrium solutions. Instead of r, one can use the dimensionless inverse radial variable u = M/r and replace the last equation by
The remaining equations are
The first of these equations in the geodesic case reduces to dt/dτ = E/N 2 . We then assume that at the end of the scattering process the quantity γN defines the outgoing energy E + /N 2 , leading to E + = γ + N + , i.e., with quantities evaluated at the threshold u = u + .
In the simple flat space situation, i.e., the case M = 0 (N = 1) we have the solution
where K = γ 0 ν 0 /σr 0 , (having assumed α 0 = 0 and φ 0 = 0 without any loss of generality) with the asymptotic limits (for K = 1, corresponding to a φ = constant solution, not relevant for the present discussion)
when τ → ∞, corresponding to the particle at rest. In the generic case, instead, the above system can only be studied numerically. 9 
Numerical integration of the orbits
Let us consider first the geodesic equations, with initial conditions taken at the distance of minimum approach corresponding to r 0 = r min = M p/(1 + e) and φ 0 = 0, namely we fix the values of p and e which determine E − and j − from Eq. (26), and
For example, taking the same values of p = 20 and e = 1.5 (as before) implies r 0 = 8M , ν 0 ≈ 0.54554, E − = 1.03334, j − = 5.20756, δ geo ≈ 2.59122. For numerical purposes, let us consider asymptotic radial states (theoretically corresponding to u ± = 0) at finite u ± = 10 −n (with n fixed, e.g., n = 5). Therefore, the duration T of the scattering process is necessarily finite and one can determine the values of τ ± such that u(τ ± ) ≤ 10 −n , i.e., within the fixed threshold. In particular, the above choice of parameters with u(τ ± ) = 10
± ≈ 0.25201. The "in" and "up" states for the geodesics are then fully specified.
Let us turn now to the non-geodesic case, and assume that the "in" state coincides with the geodesic one. Therefore, at τ = τ − both the particle undergoing the drag force and that moving along a geodesic orbit start their motion with the same values of energy and angular momentum (or eccentricity and semi-latus rectum). We then integrate the motion equations (47) and (50) with initial conditions u(τ − ) = 10
− , for a fixed value of σ. The deflection angle is now a function of σ for fixed values of p and e and depends on the specified threshold for u ± . The above choice of semi-latus rectum and eccentricity of the reference geodesic (leading to a distance of minimum approach close enough to the hole) implies that that very small values of the parameterσ ≡ M σ are able to significantly modify the geodesic motion, causing strong deflections or even capture by the hole. The results are summarized in Figs. 1-2 and Tables 1-2. Figure 1 shows the trajectory of the particle undergoing drag force effects (with different strengthσ) compared with the corresponding geodesic orbit. For increasing values ofσ the scattering angle increases as well (see Fig.  1 (a) to (c)) until the energy and angular momentum losses are enough to imply capture by the hole (see Fig. 1 (d) ). The corresponding values of the scattering observables (scattering angle, energy and angular momentum losses) for different values ofσ are listed in Tables 1 and 2 . It is interesting to point out that while the energy loss is rather small (fractionally some percent of the initial value), the angular momentum varies considerably during the scattering process for increasingσ. Figure 2 shows instead the full evolution of u during the entire scattering process as a function of the azimuthal angle φ. In the geodesic case the curve is symmetric about the vertical axis, whereas in the non-geodesic case this symmetry is lost, the value of the impact parameter slightly increasing with σ. The figures (see panels (a), (b) and (c)) also show the shift in the distance (from (a) to (d)).
of minimum approach corresponding to the maximum of each curve, either geodesic or accelerated.
Conclusions and outlook
We have considered corrections to the hyperbolic motion around a Schwarzschild black hole due to a drag force, which is a realistic situation in many astrophysical processes. For instance, this is the case of particles interacting with accreting flows also in the presence of external electromagnetic fields or plasma [17] , not examined in the present study. The drag force used here acts on the orbital plane like a viscous force with components proportional to the particle 4-velocity components by a dimensionless constant parameterσ representing the strength of the (self) interaction, following previous studies (see Appendix D of Ref. [11] ). Besides discussing the general features of the motion, we have performed several numerical analyses to study the loss of energy and angular momentum of the particle undergoing such a drag effect as well as the dependence of the scattering angle and impact parameter onσ. The results are summarized in Figs. 1-2 and Tables 1-2. We have focused on strong field effects, i.e., the distance of minimum approach has been chosen close enough to the horizon of the hole. We have found that significant effects arise even in the case of very small values ofσ ∼ 10 −7 − 10 −8 . Indeed, a fine tuning ofσ in this range implies capture by the hole, or scattering at large angles. In the latter case, the scattering angle has been computed by evolving the particle's trajectory in comparison with the corresponding geodesic orbit emanating from a common initial condition. Our analysis shows that the chosen form of the drag force field only allows for scattering or capture. This is an interesting situation, especially in comparison with other kinds of dragging effects, like the Poynting-Robertson effect [18] , where the presence of a superposed photon test field implies the existence of "suspended" (equilibrium) orbits, as discussed in recent literature [19, 20, 21, 22] .
The present analysis is preliminary and complementary to a forthcoming study which goes beyond the test particle approximation by using self-force techniques and standard perturbation theory to consistently generate the drag force as entirely due to the particle's emission of gravitational radiation [23] .
